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1. Answer any four parts : S5x4=20

(@) If G; and Gp are two groups such that
H; <4 G, and H;<d Gy, then prove that

() HyxHy< GxGy

(il Gy x Gy ~ Gy » Gy
Hl XH2 Hl H2

2+3=3

Contd.



(b) Let Gbe a group and H ={9.9)|g < G)."

(i) Show that H is a subgroup of
G xG. |
(i) Prove that H is a normal
subgroup of GxG if and only if G
is Abelian.
2+3=5

(c) Define subnormal series of a group.
When does a subnormal series become

a normal series ?

Justify the statement “a subnormal

series of a group may not be a normal
serics”. 2+1+2=5

(d) Define a solvable group with a suitable

example.
Show that S, is not solvable for n295.
2+3=5

(e) Define a composition series of a group
with a suitable example.

Justify the statement “Z has™ not
composition series”. 2+3=5

2. Answer any four parts : Sx4=20

(a) Define a PID. Prove that in a PID every
irreducible element is prime.
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(b) Let R be a PID. Prove that a proper
ideal M of R is a maximal ideal of R
if and only if it is generated by an
irreducible element of R.

(c) Prove that in a PID, every pair of non-
zero elements has an HCF and LCM.

(d) Define a UFD. Prove that every PID 1is

a UFD.
(e) Consider the ring R=Z («/—5). Find the
2
units of R.
Prove or disprove “R is a PID”.
3. Answer any four parts : 5x4=20

(a) 1If L is an algebraic extension of K and
K is an algebraic extension of F, then
show that L is an algebraic extension
of F.

(b) Invalidate the statement “an algebraic
extension is a finite extension”.

(c) Find the splitting field and the degree
of the splitting field of the fo]lowmg
polynomials over Q :

() x*-2x+1 eQlx]

c -

(ii) x* -x+1 eQ[x]
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(d) Let F be a finite field of characteristic

(e)

<

p, a prime, show that the number of
elements g in F is a power of p.
Show that a point (a, 3) is constructible

if and only if the real numbers a and
B are constructible.

4. Answer any four parts : | 5x4=20

(@)

(b)

Prove that if V is an n-dimensional
vector space over F and if Te A(V)
has all its characteristic roots in F,
then T satisfies a polynomial of degree
n over F.

Define index of nilpotency of T e A(V).

Prove that if Te A(V) is nilpotent of
index n;, then a basis of V can be found
such that the matrix of T in this basis
has the form —

(B B . o G
0 My, == B
0 0 .. M,,|

where n) 2n, >n; 2...2n;, and

ny+ng+ng+..+n. =dimV. 1+4=5

14 (MAT-1) 1016 (N/O)/G 4



(c) Prove that if M, of dimension m, is cyclic
with respect to T, then the dimension

of TkK(M) is m—-k for all k<m.

(d) Prove that two nilpotent linear
transformations are similar if and only
if they have the same invariants.

(e) Define a Jordan Block. Prove that if
TeAp(V) has all its distinct

characteristic roots 4;, 45, ..... A, in F,

then a basis of V can be found in which
the matrix T is of the form

(Jy )
Jy
\ Ji )
where each J; is
/Bﬂ \
J = By,
L BirI/

and B;,B;3,...B;;, are basic Jordan

blocks belonging to 4;.
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