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1. Answer any four parts : Sx4=20

(a) Test for uniform convergence of the
sequence of function {f,}, where

n2x

£ (x)= a7 on [0, 1]. 5
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(b) Suppose { f,} is a sequence of functions,
differentiable on [a, b] and such that

{f.,(xo)} converges for some point x,

on [a, b]. If {f.,} converges uniformly
on [a, b], then prove that { f,} converges
uniformly on [a, b] to a function fand

f'(x)=lim f.(x), a<x<b.

(c) Let f be a real valued continuous
function defined on [a, b]. Prove that
there exists a sequence of real
polynomial {P,} which converges
uniformly to fon [a, b].

(d) Show that the series

Z (nx +1) {(:_ 1) x+1) is uniformly

convergent on any interval [a, b],

O < a < b, but only pointwise convergent
on [0, b].

(e) Find the radius of convergence and
interval of convergence of the power
series : 2+3=5
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() () If a power series » a,x"
converges for x= x5, then prove
that it is absolutely convergent for

every x=x, when |x |<|xo]-

3
2 3 4
(i) Is the series x- ET. SN
2 3 4
converges absolutely on (-1,1)?
2
Answer any four parts : Sx4=20

(a) Give an example to show that a
function of bounded variation may be
continuous and conversely.

(b) If fis a real valued function on [a, b],
prove that of fis of bounded variation
on [a, b], then it is also of bounded
variation on [a, ¢] and [c, b], where ¢
is a point of [a, b].

(c) Compute the positive, negative and
total variation functions of

f(x)=3x%-2x>,-2<x<2.
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(d) Let f:[a,b]> R™ be such that
f=(.f1: f2;-“:fm): each f, 1S a real

valued function. Prove that f is of
bounded variation if and only if each
component function f; is of bounded
variation on [a, b]. Hence verify

whether the function f(x)= (x, xz) on

[0, 1] is of bounded variation or not.
3+2=5

(e) Let f and a be bounded functions
on [a, b]. Prove that f is integrable
with respect to o on [aq, b] if and only

if for every g£>0 there exists a
partition P of [a, b] such that

U(P, I a')—L(P, s a') <E.

(symbols have usual meaning)

(f) Let fbe monotonic and a be continuous
on [a, b], then prove that f e R(a).

(symbols have usual meaning)
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3. Answer any four parts : Sx4=20

(@)

(b)

(d)

If A,,n=1,2,3,.... are measurable

subsets of [q, b] and if A,,; < A, for

- o}
all n, then prove that ﬂ A, is
' n=]1

measurable and

m[n A] tim m(4,).

n—ow

Construct an example to disprove that
the sets of measure zero consist only
of at most countably infinite number
of points.

If A is a measurable set, then show
that A+x={y+x:yeA} is

measurable for each x and that the
measures are the same.

(i) Are continuous functions
measurable ? Justify.

(i) Does the existence of non-
measurable sets imply that non-
measurable functions also exist ?
Justify.
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(e) Prove that the function fon [a, b] is
measurable if and only if any one of
the following two conditions holds :

() {x:f(x)>a} is measurable set for
every a e R.

(i) {x:f(x)<a} is measurable set for
every a € R.

() Let fbe a measurable function on [a, b]

and keR. Prove that |f| and kf are
measurable.

4. Answer any four parts : Sx4=20

(a) Prove that every bound Riemann
integrable function over [a, b] 1is
Lebesgue integrable and two integrals
are equal.

Give an example to verify the converse
of this result.

(b) Prove that if f is a bounded and
Lebesgue integrable function on [a, b]

such that f(x)=g(x) a.e. on [a, b],
where g is a bounded function on [a, b ],
then g is Lebesgue integrable and

b b
[ fax=|gadx.
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(c) Define :

"
f(x)=J?E , O<x<1
O , X=10

Show tfaat f is Lebesgue integrable on
1

dx
[0, 1] and _[ ';,/—3=3, and find F(x, 2).
0

(d) Let {f,,} be a sequence of measurable
functions on a measurable subset

A c[a, b] such that lim f, (x)= f(x).
n—ow

If there exists a constant M such that

| f.(x)]< M for all x and n, then prove

that lim _[fn (x)dx=ff(x)dx.
n—o A A

(e) Let { fn} be a sequence of non-negative
measurable functions on [a, b]. Let

j‘_’)”;o falx)=f(x) ae. on [a, b]. Prove

n—w0

b
that lim jbfn(x)dxaj f(x)dx, if fis

Lebesgue integrable on [a, b], otherwise

b
lim | f, (x)dx =w.
n—x .
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() Justify that on the set of finite measure,
uniformly convergent sequences of
bounded functions are boundedly
convergent.
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